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INEQUALITIES FOR THE INTEGRAL MEANS

OF HOLOMORPHIC FUNCTIONS
AND THEIR DERIVATIVES IN THE UNIT BALL OF C"

SHI JI-HUAI

Abstract. In this paper, the following two inequalities are proved:

f\l-rfM+bMap(r,Daf)dr<Kf\l-r)bMap(r,f)dr,

\l-r)bMa(r,f)drI
<k\     £    \(Daf)(0)\" +  ¿2   f{\~rfm+bMap{r,Daf)dr\

\\a\<m-\ |a|=rn    ° J

where a = (a,, ... , an) is multi-index, 0 < p < oo , 0 < ö < oo and

-1 < b < oo . These are a generalization of some classical results of Hardy and

Littlewood. Using these two inequalities, we generalize a theorem in [9]. The

methods used in the proof of Theorem 1 lead us to obtain Theorem 7, which

enables us to generalize some theorems about the pluriharmonic conjugates in

[8] and [2].

1. Introduction

Let B denote the unit ball of complex vector space Cn . The letter v stands

for the Lebesgue measure on C" , so normalized that v(B) = 1, while a is the

surface measure on the boundary dB of B normalized so that a (dB) = 1.

Let z = (zx, ... , zn)  and w = (wx, ... , wn)  be points in  C" , denote

the inner product of z ,w by (z, w) = J2"j=i z¡ü> ¡ > \z\   - (z < z) ■ Let a =

(ax, ... , an) be multi-index, a   being nonnegative integers, we will write

II III a a\ an

\a\ = al + --- + an, a\ = a,! • • • an<, z   = z, ' • • • z^".

By H(B) we denote the class of all functions holomorphic in B . For / g

H(B), denote

(D°f)(z)=        °   J   a (z).
dzxl ■■ -ozn"

Received by the editors June 14, 1989 and in revised form, October 2, 1989.

1980 Mathematics Subject Classification (1985 Revision). Primary 32A10; Secondary 32A99.

©1991 American Mathematical Society
0002-9947/91  $1.00+ $.25 per page

619



620 SHI JI-HUAI

The integral means M (r, f) of /, 0 < p < oc , are defined by

Up
< oo,Mp(r,f)= yjf(rO\pdo(Ç)}      ,        0<p

Moc(r,f)=sup{\f(rO\:Ç£dB}.

The main results of this paper are the following two theorems.

Theorem 1. Let f £ H(B), 0 < p < oo, -1 < ¿ < oo and 0 < a < oo. Then

for any a = (ax, ... , an), there exists a positive constant K independent of f,

such that

j\\ - r)aH+bMap(r, Daf)dr < K j\\ - rf M¡(r, f)dr.

Theorem 2. Let f £ H(B), 0 < p < oo, -1 < £ < oo and 0 < a < oo. Then

for any positive integer m, we have

j\\-r)bMap(r,f)dr

<k\    £    \(Daf)(0)\a+Yl  ¡\\-r)am+bMap(r,Daf)dr

\\a\<m-l \a\=mJ°

Here, and later, K always denotes a positive constant, not necessarily the

same at each occurrence; it is independent of /.

These two theorems generalize the classical results of Hardy and Littlewood

(see [3, p. 81]) to the unit ball of Cn . The proofs of Theorems 1 and 2 will be

given in §§2 and 3 respectively.

In §4, we will give an application of Theorems 1 and 2. More recently, Zhu

[9] proved the following theorem:

Theorem A. Let m be a positive integer and f £ H(B), then f £ Lp(dv),

1 < p < oo, if and only if the functions (1 - |z| )m(Daf)(z) with \a\ = m are

in L"(dv).

Using Theorems 1 and 2, we will give a new proof of Theorem A, moreover,

we will prove that it also holds for 0 < p < 1 .

A continuous real function u on B is pluriharmonic if for every holomorphic

mapping y of U into B , U is the unit disc, u o y is harmonic in U. It is well

known that every pluriharmonic function on B is the real part of a holomorphic

function. Let u be pluriharmonic on B , then u = Re /, where f = u + iv is

holomorphic in B and v is called the pluriharmonic conjugate of u.

Stoll proved the following two theorems in [8]:

Theorem B. Let f = u+ iv be holomorphic in B, if

M(r,u) = 0((\-r)~a), 1</j<oo,  a>0,
p

then
Mp(r,v) = 0((l-r)-a).
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Theorem C. Let f = u + iv be holomorphic in B with /(0) real.  Then for

-1 < b < oo,  1 <p < oo, 0 < a < oo,

f (l-r)bMa(r,v)dr<K [ (I - r)bMa(r,u)dr.
Jo Jo

We have generalized the Theorems B and C to bounded symmetric domain

of C" in [7], but the problem which is still unsolved is the case 0 < p < 1.

In §5, applying the approach used in the proof of Theorem 1, we first prove

the following inequality:

Theorem 7. Let f = u + iv be holomorphic in B and 0 < p < 1, s > 0, then

\f(z)f<K{\v(0)\p+ [ \u(w)\p     (1~k'X+1^W>        Z^B-
{ Jb |1 - (z, w)\n+s+ J

When n = 1, this theorem has been proved in [5], we generalize it to the

unit ball of C" .

Using Theorem 7, we will prove that Theorems B and C hold in the case

0<p< 1.
In [2] Chen introduced the spaces h A (a, p, q) on the bounded symmetric

domain D of C" as follows: h A(a, p, q), 0 < p < oo , 0 < c7 < oo, a > 0,

is the set of pluriharmonic functions on D with N     a(u) < oo , where

1/4

*n.M=<l  (l-r)'"<"-'M'(r,u)dr}     ,        0<q<œ,
P,Q

Ju)=U\l-rra-XMap(r,u)dr\      ,        0

^oo»=   sup{(l-rr^(r,M)},
F'      ' 0<r<l

and he proved that h A (a, p, q) is self-conjugate class for 1 < p < oo, 0 <

q < oo and a > 0, that is, if u £ h A (a, p, q), then the pluriharmonic

conjugate v g h A (a, p, q). The problem which is also unsolved is the case

0 < p < 1 . As a simple application of the generalized Theorem C, we will claim

that h A (a, p , q) is self-conjugate class forO<p<oo, 0<c7<oo and a > 0

if D = B .

2. The proof of Theorem 1

We first prove the following lemmas.

Lemma 1. Let f £ H(B) and 0 < p < oo, then

(1) (a)   \f(a)\P<—-^—T f \f(z)\p dv(z)
(l-|fl|) +  Jb

for any a £ B.

(2) (b)    |/(iC)|p</^|/(z)f(l-|z|Y^(z)
Jb

for any Ç £ dB and s > O.
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Proof, (a) Since / G H(B), \f\p is subharmonic for 0 < p < oo , and

(3) 1/(0)1" < [ \f(w)fdv(w).
Jb

Let <pa  be a holomorphic automorphism of B with  <pa(0) = a  [6, p. 25].

Replacing / by /o tpa in (3) gives

\f(a)\P < [ \fo(pa(w)\pdv(w)
Jb

-2,n+l
Let z = (pa(w), then w = (pa(z), dv(w) = ((1 - \a\ )|1 - (a, z)|    )      úfz/(z)

[6, p. 28] and

{2       \ «+1

„,       '      2 ¿"W <   M       fh,+ l   /  1/(^)1" àu{z) .
|1 -(a, z)\  J (1 -|a|) +  Jb

(1) follows.

(b) Let fr(z) = f'rz) for 0 < r < 1, then

(4) \f(ra)\P< K [ \f(rz)\pdv(z)
(i — \a\)      J b

by (1). Taking r = ^ , a = ^C, f G 95 in (4) gives

(5)     i/(K)r<^/J/(^) dv(z)<K [     \f(z)\pdv(z)

where ^ = {zeC": |z| < ^} .

On the other hand, by the formula in [6, 1.4.3],

(6)

/ \f(z)f(l - \z\2)' dv(z) = 2n f t2n~X dt [   \f(tQ\p(l - t2)s do(Q
Jb Jo Job

>k[     \f(z)\pdv(z).
J^B

Now (2) follows from (5) and (6).

Lemma 2. Let f £ H(B) and 0 < p < oo, s > 0, n + s+ I >p, then

\(Vf)(z)\p<K¡ \f(w)\p~
Jb 1

(i-MY dv(w)
'z, w)\n+s+p+x

for z £ B, where (V/)(z) = (§f , ... , §f) is an analytic gradient.
1 n

Proof. By the Taylor expansion of /, we have

(8) / /K)r^(o = ̂ Ä«vH
Job a-

where coa = jdB \C\2da(Ç) = ¿g^J, [6, p. 16]. Taking a = (0, ... , 1, ... ,

0), the kih coordinate is 1, and the rest are 0, r = i in (8) and using Lemma

1(b) yield

< K sup \f(\Q\p < K f \f(z)\"(\ - \z\2)sdv(z) ;
C€dB Jb

k = 1, ... , n.
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, ap + bp,    0<p<l,
(a + b)p<\    b_x a>0,b>0,

By the elementary inequality

ap-

2b-l(ap + bp),    p>l,

we have

(9) \(S7f)(0)\p <K [ \f(z)\p(l-\z\2)sdv(z).
Jb

Let F = /o tpz, then (VF)(0) = (V/)(z)c/(0), where tp'z is the derivative

of <pz, namely, the Jacobian matrix of (pz. A direct computation gives [6, p.

48]

<p'z(0) = j^z'z--ÔI,        ô2=l-\z\2,

where z  is a column vector, the transpose of z, / the identity matrix of order

n, and

<p'z(0)(<p'z(0))*=o2(I-z^),

where (<p'z(0))* is the conjugate transpose of the matrix (pz(0). Thus

|(VF)(0)|2 = ô2(Vf)(z)(I - z'z)((Vf)(z))*

= ¿2{|(V/)(z)|2 - |(V/)(z)z'|2} > ¿2|(V/)(z)|2(l - |z|2),

that is

(10) |(VF)(0)|>(l-|z|2)|(V/)(z)|.

Replace / by F in (9), and change the variable w by r = q>z(w), and note

the identity

l-|f,(.)l'-"-,"l')"-'T|')        [6, P. 26],
|1-(z,t)|

we have

\(VF)(0)\p < K f \(fo<pz)(w)\p(l - \w\2)sdv(w)
Jb

<2\Srt       i   |2xi   (       i       i    |2       ï "+1

=*fmrll:r!}l:,?r\7¿^i
l-(z,r>r       lll-(z.t)

= K / |/(T)r(1"|T|)(1"'*U„     Mr).
JbU        ' |1-(Z,T)|2("+S+1)

Now the inequality ( 10) implies

|(V/)(z)f <K [ |/(t)|p(1 " |T|2)'(1 " \*P"IT~P d^)

< K [ \f(T)\P-(1~|T| L 4., dv(z).
- Jbu ' ii-(z,T)r+î+p+i

The lemma is proved.
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Lemma 3. Let f £ H(B) and 0 < q <p < oo, s >0, n + s + I >q, then

pY
(11) K(r,§ft/ Jo    1- >7>)i+«+i    pMq(p,f)dp,

for 0 < r < 1 a«úí A: = 1,...,« .

ZVoo/. By Lemma 2,

lé«)< i(v/)(/-or <K [ \f(w)\q-
Jb 1

(1 -\w
2\J

Zxdv(w)
(rÇ, w)\n+s+q+l

for any 0 < r < 1 and Ç G dB. For given Í, £ dB, there exist n2, ... , nn £

dB, such that

^2
F =

yj

is a unitary matrix. Let w = zV, then

(C, w) = (C, TV) = Ç(C,n*2,... , 17>* = (1,0,..., 0)1*=!,.

Thus

(12)
df
dz,

(rC) <
2 s

K [ \f(rV)f     (1~|T[-L, dv(x).
Jb \l-rx,\n+s+q+x

Let ß = p/q > 1, using (12) and Minkowski's inequality in infinite form imply

(13)

«)-{L dz. K)
gß Wfl

do(Q

^ LUi/(tf)i(i-M2)'
11 - tx. ¡n+S+q+l

dv(x)\   do-(C)

,2,5 ï qIp
< K [ —-—|T[ I ^, i /   |/(tK)|" rfff(f ).      dv(x)
-     JB\l-rxx\n+s+q+1\JdB J

KÍlp2"-X(l-p2)sdpí

JO Jd
<

do(n)

X {Llf{Pr,V){Pda{°}     '

ôfi|l-^>71|'!+s+i+1

^1 <?//>

By the formula of [6, 1.4.7], for any n £ dB,

(14)

f   \f(pnV)\pdo(0 < [ \f(pnU)\pdU = [   \f(pQ\p do(Q = Mp(p, /),
Job J% Job
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where ^ is the unitary group of order n and dU the Haar measure on ^.

Combining (13) and (14) yield

^('•©^/.^-^^•WoiïT
do(n)

rprjx\"+s+q+l

iK7.'ozjfv'.o-'»'-
This proves the assertion made about Mq(r, ff).

Lemma 4. Let X be a complex number with \X\ < 1 and b > -1, a > b + 1,

/"' (1~P)¿   , A"
7o   ll-Apl-^- |i-A|—*-''

The proof is a straightforward adaptation of ones given in [5, Lemma 2] and

so is omitted.

We are now ready to give the

Proof of Theorem 1. Suppose |a| = 1, we first prove the following

(15) j\l-r)a+bM;(r,¡£)dr<Kj\l-r)bMap(r,f)dr.

If a < p , taking s > b in (11), then (15) immediately follows from Lemmas

3 and 4:

IIV-*"*, {r,lfk\är
¡■I fl      /i _    \a+b

(l-rp)

/o

If a > p , taking q = p in ( 11 ) gives

^y (\-p)bMap(p,f)dP.

afp

p \     dzj -     \J0   (i-rp)s+p+[    pKH   J'   H

Using Holder's inequality with exponents a/p and a/(a - p), we have

ir(i_r^+/>+>

(i

(l-r/7)
*Kv-r?~°j0 (1ajU,
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Taking s > b and using Lemma 4 again yield

■ i

do Í
l-rp)

¡■l [\      /i _   \b+P

<K      (1- p)sMa(p,f)dp /   -i--—-rdp
-Jo p Jo  (l-rp)s+p+l   y

<KJ (\-p)bMap(p,f)dp.
to

This completes the proof of (15).

For \a\ = 2, using (15) twice gives

/,'"-"W)C(''|;)"síí"-'»rt<'|)*

<K j (\-r)bMap(r,f)dr.

The general case can be proved by induction. Theorem 1 is proved.

3. The proof of Theorem 2

The following lemmas will be needed in the proof of Theorem 2.

Lemma 5 [4, p. 758]. Let  1 < k < oo, p > 0,  ô > 0, h : (0, 1) -► [0, oo)
measurable, then

(\\ - r)kfi~x lf(r - tf-Xh(t)dtX dr<K f(\- r)kß+kS-Xh\r)dr.

Lemma 6 [1]. Let f £ H(B) and if sup0<r<1 ¡dB \f(rÇ)\p do(Q = Cp , p > 0,
then

-.p
f    sup \f(rC)\p da(Q < AC"

JdB0<r<l

Lemma 7. Let f £ H(B) and 0 < r < 1.

(a) If p>\, then

(16) Mp(r,f)<Kl[\f(0)\ + r-X ̂Mp(s,\Vf\)dsy

(b) // 0 < p < 1, then

(17) Mp(r,f)<K j |/(0)| -HA-"1 ^V-^r'<(^|V/|)^

Proof, (a) Let / g H(B) have the homogeneous expansion

oc

/c=0

1/P'
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We define the radial derivative Rf of / as follows:

(/?/)(z) = £^(z) = £z,--f(z).
k=0 k=\ k

It is easy to see that (Rf)(Xz) = lfz(X) for z g B and I £ U, where  U

denotes the unit disc and / (A) = f(Xz). Thus

(18)

and

(19)

since

(20)

f(z) = f(0)+ [lrX(Rf)(tz)dt
Jo

\f(z)f<KÍ\f(0)\p+(j\(Wf)(tz)\dt\

rX\(Rf)(tz)\<J2\zk\
7 = 1

dz.
(tz) <|(V/)(iz)|.

Applying Minkowski's inequality gives

Mp(r, f)<KÍ\f(0)\ + f^ Mp(tr,\Vf\)dt\

= K¡y\f(0)\ + rX ^Mp(s,\Vf\)dSy

This is the desired inequality (16).

(b)If 0<p< 1, by (18) and (20),

\f(z)\ < |/(0)| + /  \(Vf)(tz)\dt.
Jo

Denote tk = 1 - 2~k and Hk(z) = sup{|(V/)(/z)| : tk_x <t <tk}, then

/   \(yf)'tz)\dt = Y, \(yf)(tz)\dt<YJHk(z)2~k.
k=l     'k-l

Hence

i/(z)r<i/(0)r+¿//^(z)2

k=l

-pk

k=l

By the monotonicity of the integral means Mp(r, §f), there exists a constant

K, depending only on p , such that

(21) sup{M;>, |V/|) : tk_x < t < tk} < KMpp(rtk , |V/|).



628 SHI JI-HUAI

Now Lemma 6 and (21) give

oo
A-pk

k=l
oo

~Pk n/rP

(22)

Mpp(r, f) < |/(0)|" + E2      ^v{Mpp(rt, |V/|) : tk_x < t < tk}
k=i

oo

<\f(0)f + Kj22~pkMpp(rtk,\Vf\)
k=l
oo        ~(

<\f(0)\p + K^2      +'(\-t)P~lMp(rt,\Vf\)dt
¡._, Jtik=l "k

<\f(0)\p + KJ\l-t)p-XMp(rt,\Vf\)dt.

Setting rt = s in the right-hand integral of (22) gives (17). This completes the

proof.

Lemma 8. If h(r)  is a positive continuous nondecreasing function of r, and

ß > 0,0 <c < q < oo, then for 0 < s < 1,

li\l-r)ßq-xhq(rs)dr\     < K i f (I - r)ßc~X hc(rs)dr\     .

Using the same method as in the proof of Lemma 5 in [7] gives the lemma.

Proof of Theorem 2. We first assume that  \m\ = 1  and prove the following

inequality:

(23)

The proof will be divided into four steps.

Case 1.  p > 1 and a > 1. By (16),

(24) raMap(r,f)<K^\f(0)\ + ^Mp(t,\Vf\)dt^ .

Set r = pa+   in the left-hand integral of (23), use the monotonicity of means,

the inequality (1 - pa+x)b <K(l- p)b and (24) to obtain

j\\-r)bMap(r,f)dr<K j\\-p)bMap(p,f)padp

<KUf(0)\a + J\l - p)b {£ Mp(t,\Vf\)dt}a dpi .

Taking k = a, p = (I + b)/a , 8 = 1, h(t) = Mp(t, |V/|) in Lemma 5 gives

(25) j\\ - r)bMap(r, f)dr < K ||/(0)|a + j\l - r)a+bMap(r, \Vf\)dr\ .
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Note that

(26) <MV/|)<K¿M;(r,|f).
fe=i        v kJ

Thus (25) and (26) imply (23).

Case 2. p > 1 and a < 1. Apply the Minkowski's inequality to (19) and taking

c = a,q = ß = \, and h(r) = M (r, |V/|) in Lemma 8, we obtain

(27)

Mp(r, f) < K 11/(0)| + ̂ X Mp(tr, \Vf\)dt\

< K i |/(0)| +   |'(1 - t)a-lMl(tr, \Vf\)dt

l/a

the substitution s = tr gives

raMap(r,f)<K¡[\f(0)\a + j\r-s)a-XMap(s,\Vf\)ds^

As in Case 1, we have

-i
j (l-r)bMap(r,f)dr

<Khf(0)\a + J\l-p)b l[j\p-s)a-XMap(s,\Vf\)ds^ dp\ .

Now taking k = 1, p = \ + b, Ô = a and h(s) = Mp(s, |V/|) in Lemma 5

gives (25) and (23) follows from (25) and (26).

Case 3.  0 <p < 1 and p < a. By (17), we have

raMap(r, f)<K¡ \f(0)\a + (j\r - s)p~X Mpp(s, \Vf\)ds\

Let r = pa+ , and

I (1 - r)bMap(r, f)dr <K j (1 - />)*JW>. /)/<//>

< a:I |/(0)|fl+ ̂(1 -pf (J\p-s)p-xMpp(s, \vf\)dsjP dp\ .

Now taking k = a/p, p = (1 + b)p/a, ô = p and A(s) = Mp(s, |V/|) in

Lemma 5 gives (25) and (23) follows from (25) and (26).
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Case 4.  0 < p < 1  and p > a.   By the inequality (22) and taking h(r)

M (r, |V/|) in Lemma 8, we get

Mp(r, f)<K¡ |/(0)| + (j\l - t)p-XMpp(rt, \Vf\)dt\

< K    |/(0)| +(f\l- t)a~lMap(rt, \Vf\)dt

This is just the inequality (27) and the rest of the proof follows as in the Case

2. The proof of (23) is completed.

For |w| = 2, we apply (23) to §f to obtain

Kj /     df(28)   jf(l --rjç^.^i

<K lé»
a        n

^¿(I-rT^r.^)*

Substituting (28) into (23) gives

j (\-r)bMap(r,f)dr

< K \ ¿2 \(Da)(0)f +  ¿   /'(I
ll«l<l k,j=lJo

K¡J2\(Daf)(0)\a+Yl f(\
[\a\<l \a\=2J°

,2a+b . ,a / 9  /     \

" V  dzjdzkJ

2a+b . ,a,<K     E l(^/)(0)|a+ E /   (l-r^X^^V)^
[|a|<l l«l=2-/0

As in Theorem 1, the general case can be proved by induction. The proof of

Theorem 2 is completed.

4.  AN APPLICATION OF THEOREMS  1 AND 2

In [9], the main tools for proving Theorem A are

(1) The boundedness of a family of projections from Lp(dv) onto Lp(dv)n

H(B) for all p£[\, oo).

(2) The solutions of the generalized Gleason problem for the Bergman spaces.

Because the boundedness of the projections can be used only in the case

p > 1 , the method used in [9] cannot deal with the case 0 < p < 1 .  Using

Theorems 1 and 2, we can prove that Theorem A holds for all p £ (0, oo).

Let / G H(B) and 0 < p < oo . As in [9], we define

Wf\L,P=      E      KflV)(0)|+   E   \\TafWp>
\a\<m— 1 \a\=m

where (Tj)(z) = (\ - \z\2p(Daf)(z).
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Theorem 3. Let m be a positive integer and f £ H(B), then f £ Lp(dv), 0 <

p < oo, if and only if all the functions (1 - |z| )m(Da f)(z) with \a\ = m are in

Lp(dv). Moreover, \\ \\   and \\ \\m     are equivalent norms on Lp(dv)nH(B).

Before proving the theorem, we first prove a simple lemma.

Lemma 9. Let f £ H(B) and 0 < p < oo, then for any a = (ax, ... , an),

(a)IfTj£Lp(dv), then ¡xMp(r, TJ)dr <K\\TJ\\pp.

(b) If ¡x Mp(r, TJ) dr < oo, then TJ £ Lp(dv) and

\\Tj\\pp<KJ\pp(r,TJ)dr.

Proof. Since

f \(TJ)(z)\p dv(z) = 2nf r2n~X dr \   \(Tj)(rQ\p da(Q
/2Ç)\ Jb Jo Job

<2nj Mpp(r,Tj)dr,

(b) follows. On the other hand, by the monotonicity of the integral mean of

holomorphic function, we have

-1 /•!

jo Mpp(r,TJ)dr= jo(\-r2)MpMp(r,Daf)dr

= 2n [
Jo

,, 4n,\a\p , tp,   In     ,-,«/•,    2n-l   ,(1 - p   y wMp(p   ,D f)p       dp

<2nKJo(l-p2)MpMpp(p,Daf)p2n-Xdp

= KJB\(TJ)(z)\pdv(z) = K\\TJ\\pp,

which proves the assertion (a).

Proof of Theorem 3. We first assume that / G Lp(dv). Take a = p, b = 0 in

Theorem 1 and use Lemma 9, we obtain

||7;/|i; < KJ^ Mpp(r, TJ)dr = K j\\ - r2ppMpp(r, Daf)dr

<K j\pp(r,f)dr<K\\f\\pp.

This proves that Taf £ LP(B, dv) for any a = (a,, ... , cxn) and

(30) \\Tj\\p<K\\f\\p.

On the other hand, replace / by Daf and set 5 = \a\p, z = 0 in (7), then

using the inequality (30), we get

|(VDa/)(0)f <Kj \(Daf)(w)\p(\ - \w\2)Mpdv(w) = K\\Tj\\pp < K\\f\\pp.
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This shows that for any a = (a, , ... , an),

(31) \(Daf)(0)\<K\\f\\p.

Combining (30) and (31) gives \\f\\m,p < K\\f\\p ■

Next, suppose that Taf £ LP(B, dv) for all a with \a\ = m . Take a = p ,

b = 0 in Theorem 2 and use Lemma 9, we have

\\f\\pp<K^Mpp(r,f)dr

<k\    ¿2    \(Daf)(0)f+ E  f\l-r)pmMp(r,Daf)dr
(|o|<m-l \a\=mJ°

<k\    E    \(Daf)(0)\P+ E f Mpp{r,Taf)dr\

<A e i(ßa/)(o)r+ En^/iç
(ja|<m— 1 |a|=m

This implies that

(32) ||/||,<*|    E    K^/)(0)|+ E WTafWp\=Kh»m,P
y\a\<m-l \a\=m

Theorem 3 is proved.

If we define

dvb(z) = (1 - |z|2)*^(z),        b>-\\        ||/|Ç>6 = j \f(z)\p dv{

and

(33) 11/11*,,,,*=     E    l(^Q/)(0)|+  E  Fa/lip.*-
|a|<w-l |a|=m

then it is not hard to see from the above proof that Theorem 3 can be generalized

as follows:

byz>

Theorem 4. Let f £ H(B)  and 0<p<oo,   m >  1   be an integer, then

if and only if the functions (1 - |z| )

•/b).  Moreover || \\pb and \\ \\mpb

f £ LP(B, dvb) if and only if the functions (1 - |z| )m(Daf)(z) with \a\ = m

are in LP(B, dv.).  Moreover || ||   b and || ||       b are equivalent norms on

Lp(B,dvb).

In [7], we proved the following

Theorem D. Let f £ H(B), 0 < p < oo, -l<è<oo and 0 < a < oo, then

for any ß > 0,
(a) JX(l-r)aß+bMap(r,f[ß])dr<Kjx(l-r)bMap(r,f)dr.

(b) f0l(l - r)bMap(r, f)dr < K ¡0l(l - r)aß+bMap(r, f[ß])dr.

Here f[ß] denotes the /?th fractional derivative of / (see [7, p. 162]). Using

the same method as in the proof of Theorems 3 and 4, we have
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Theorem 5. Let f £ H(B),  0 < p < oo,   ß > 0,   b > -1   and denote

(Hßf)(z) = (\-\z\2)ßfm(z).

(a) If f £ LP(B, dvb), then for any ß>0, Hpf £LP(B, dvb) and

\\Hßf\\p,b<W\\p>b.

(b) If for some ß>0, Hßf £LP(B, dvb), then f £ Lpa(B, dvb) and

Wf\\P,b<K\\Hßf\\pb.

Combining Theorems 4 and 5, we get

Theorem 6. Let f £ H(B), 0 < p < oo, ß >0,b > -\ and a = (ax, ... , an).

(a) If for some ß > 0, Hßf £LP(B, dvb), then TJ £LP(B, dvb) for any

a, and

\\TJ\\p,b<K\\Hßf\\pb,        \a\ = m.

(b) If for all a with \a\ = m,  TJ £ LP(B, dvb), then Hßf £ LP(B, dvb)
for any ß > 0, and

\\Hßf\\p,b<K\\TJ\\pJ).

5. Pluriharmonic CONJUGATES

In this section, we will apply the approach used in the preceding sections to

discuss the problem on pluriharmonic conjugates.  The main theorem in this

section is Theorem 7.   The following lemma will be needed in the proof of

Theorem 7.

Lemma 10. Let u be pluriharmonic in B and 0 < p < 1, then

(a) \u(a)\p <K(\-\a\2)~(n+X) f \u(z)\pdv(z),       a£B.
Jb

(b) \u(\Q\<K ( \u(z)\p(\-\z\2)sdv(z),        s>0,  Ç£dB.
Jb

Proof. Using the same method as in [5, p. 64] gives

(34) |w(0)|P< f \u(z)\p dv(z).
Jb

Thus, (a) and (b) follow from (34) by the similar approach used in the proof

of Lemma 1.

Proof of Theorem 7. Since

«   s ,   ^      ■   /   N      V-(ßQ/)(0)   af(z) = u(z) + w(z) = }2 z  ■
Q>0

It is not hard to see that

T  í      i  r\Ta j   ir\       (^"/XO) |o|
2 /    u{rC)C da(Q =-r^ojj

Job "!
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and

(35)
ü™

< (2n)p sup |M(if)| < K [ \u(z)\p(\ - \z\2)sdv(z)
[<EdB JbC€dB

for k = 1, ... , n , by Lemma 10 (b). Now apply the same approach as in the

proof of Lemma 2 to (35), we obtain

(36) |(V/)(z)|p < K f \u(w)\p-(1~|W| j-Tdv(w).
1 '   "    V \l - (z. w)\n+s+p+l ;

By the inequality [5, Lemma 1]:   |1 - tX\  ' < 2|1 - X\  x, 0 < t < I, \X\ < I,

(36) can be written as

2 .s

\(Vf)(tz)\p < K f \u(w)\p        {}~lWli+p+xdv(w),        0<t<l.
Jb \\ - (z,w)\      p

Let g(z) = sup0<r<1 \(Vf)(rz)\, then

,2xi

(37) \g(z)\p < K [ \u(w)\p-^—Ml-—dv(w)
1   V       -     Jb \l - (z, w)\n+s+p+l      V   ;

and

/  \(Vf)(tz)\dt= [  r\(Vf)(rpz)\rdp< [  'g(pz)dp.
Jo Jo Jo

Letting r —* 1 in the above inequality yields

(38) f\(Vf)(tz)\dt< f g(pz)dp.
Jo Jo

Since g(pz) is a positive nondecreasing function of p, taking h(p) = g(pz)

and ß = q = \ , c = p in Lemma 8 implies

(39) j\(pz)dp<K{j\\-p)p-Xgp(pz)dp\      .

Combining ( 18), (20), (38), (39), (37) and Lemma 4, we have

(40)

lf(z)f < ifmp+Kj\i-p)p-x yaHw)f-^^^Mw)^ dp

<_ i/™*+Kj(i - ,.i2)>(.)r i[ ,j^;;±P+1} *«.)

< |/(0)|p + K [ \u(w)\p—Ü—|w| \     dv(w)
-Uy n Jb \l - (z, w)\n+s+x\l-(z,w)

Note that if we use ux,2(w) = u(\w) in place of u in Lemma 10(a) and take

a = 0, we obtain

\u(0)\p <K f \u(\w)\p dv(w) = 22nK [    \u(w)\p dv(w).
Jb Jb/2
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On the other hand, for any s > 0,

[ \u(w)\p(l-\w\2)sdv(w) = 2n [ p2n~X(l-p2)5{[   \u(pC)\Pda(C))dp
Jb Jo Uöb )

> K jj2 p2n-X y   \u(pQ\p do(0} dp

k[    \u(w)\p dv(w).
Jb/2

>
lB/2

Hence

u(0)\p < K [ \u(w)\p(l - \w\2)sdv(w)
Jb

KÍ\u(w)\p     il-^+s+ldv(w)
Jb \l - (z, w)\+s+[

(41)
<

for any s > 0 and z g B. Now (40) and (41) gives

Is

\f(z)\p < \u(0)\p + \v(0)\p + K f \u(w)\p     {\~lwl!+s+xdv(w)
Jb |l-(z,u;)r+i+1

< \v(0)\p + K f \u(w)f     {\~HJ+s+idv(w).
Jb |1 - (z, w)\ +s+

This completes the proof.

Applying the similar method as in the proof of Lemma 3, we can prove the

following result from Theorem 7.

Theorem 8. Let f = u + iv be holomorphic in B with u(0) = 0. If 0 < q < 1,

p > q and s > 0, then

The details of the proof are omitted here.

Theorem 8 will lead to the generalization of Theorems B and C in the case

0</j< 1.

Theorem 9. Let f = u + iv £ H(B) and 0 < p < oo, if

then

Mp(r, u) = 0((l - r) "),        a>0,

Mp(r, v) = 0((l - r)

Proof. We only need prove the case 0 < p < 1. Without loss of generality, we

assume u(0) = 0. Taking p = q in Theorem 8 and using Lemma 4 yield

The theorem is proved.
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Theorem 10. Let f £ u + iv £ H(B) with v(0) = 0 and 0 < p < oo, a> 0,

b > -1, then

f (l-r)bMa(r,v)dr<K [ (\ - r)bMa(r,u)dr.
Jo Jo

Proof. It is known that the theorem holds for p > 1 . We assume that 0 < p <

1 . The proof will be divided into three steps.

Case 1.  a = p . Take s > b in Theorem 8 and use Lemma 4, we have

(1-r)

(l-rp)

<K j (\~p)bMpp(p,u)dp.

Case 2.  a > p . Taking q = p in Theorem 8 we obtain

Using Holder's inequality with exponents a/p and a/(a-p) gives

y_
rp)s+i~EPi

MaAr, f)<K{ [  -^—Q—r^(/>

1 __ r_\J+l+ae/(fl-p)

where e is a small positive number. Taking s > b and using Lemma 4 twice

imply

¡\l - r)bMl(r, f)dr<KJ\l- ,)'*>, „) {/' ^^ dr} dp

<K j (\-p)bMap(p,u)dp.

Case 3.  a < p . By Theorem 8,

Af> ,f)<K [     ^~P\.Mt{p ,u)dp.
p^ji-     J0   (i-rp)s+l    pV^'   '   H

Thus the desired inequality follows from Lemma 4 with s > b. The theorem

is proved.

As an application of Theorem 10, we have

Theorem 11. Let f=u + iv £ H(B) with v(0) = 0. If u £ h A (a, p, q), then

v £ h A (a, p, q) for 0 < p < oo, 0 < # < oo and a > 0, moreover,

N. „   (v) < KNn „    (u)
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