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INEQUALITIES FOR THE INTEGRAL MEANS
OF HOLOMORPHIC FUNCTIONS
AND THEIR DERIVATIVES IN THE UNIT BALL OF C”

SHI JI-HUAI

ABSTRACT. In this paper, the following two inequalities are proved:
1 1
[a=ntage, ptnar <k [(a-n'mie, par,
0 0

/l(l—r)bM:(r,f)dr
0

1
SK{ DD N+ D /0 (l—r)‘"”*"M;‘(r,D"ndr}

la|<m—1 Ja|=m

where a = (a;,...,q,) is multi-index, 0 < p < o0, 0 < a < oo and
—1 < b < 0o. These are a generalization of some classical results of Hardy and
Littlewood. Using these two inequalities, we generalize a theorem in [9]. The
methods used in the proof of Theorem 1 lead us to obtain Theorem 7, which
enables us to generalize some theorems about the pluriharmonic conjugates in
[8] and [2].

1. INTRODUCTION

Let B denote the unit ball of complex vector space C” . The letter v stands
for the Lebesgue measure on C”, so normalized that v(B) = 1, while ¢ is the
surface measure on the boundary 9 B of B normalized so that ¢(0B) = 1.

Let z = (z,,...,2,) and w = (w,,...,w,) be points in C", denote

the inner product of z, w by (z,w) = Z;’Zl zZw,, |z|2 =(z,z). Let a =

(a,...,a,) be multi-index, a i being nonnegative integers, we will write

! B L
ubs z =2z z,".

ol =a, +--+a a=o! -«

n b
By H(B) we denote the class of all functions holomorphic in B. For f €
H(B), denote
o a|0‘|
(D" 1)(z) = L (2).

= — -
dz'---0z,"
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The integral means Mp(r, f) of f, 0<p <cc, are defined by

1/p
M(r, f)= {/BB |f<r¢)1"da<c>} . 0<p<oo,
M_(r, f) = sup{|f(r0)| : { € 8B}

The main results of this paper are the following two theorems.

Theorem 1. Let f € H(B), 0<p<oo, —1<b< oo and 0 <a < oo. Then
Jforany a=(a, ..., a,), there exists a positive constant K independent of f,
such that

/01(1 = MR D fydr < K/Ol(l — WP ME(r, f)dr.

Theorem 2. Let f€ H(B), 0<p<oo, —1<b<oo and 0<a<oo. Then
for any positive integer m, we have

/1(1 -n’Mir, Hdr
0

1
sx{ S ADNOF+ Y /0 <1—r>“’"*”M,’,’(r,D°f>dr}.

la|<m-1 laj=m

Here, and later, K always denotes a positive constant, not necessarily the
same at each occurrence; it is independent of f .

These two theorems generalize the classical results of Hardy and Littlewood
(see [3, p. 81]) to the unit ball of C". The proofs of Theorems 1 and 2 will be
given in §§2 and 3 respectively.

In §4, we will give an application of Theorems 1 and 2. More recently, Zhu
[9] proved the following theorem:

Theorem A. Let m be a positive integer and f € H(B), then f € L’(dv),
1 < p < o0, ifand only if the functions (1 — lzlz)m(D"f)(z) with |a| = m are
in LP(dv).

Using Theorems 1 and 2, we will give a new proof of Theorem A, moreover,
we will prove that it also holds for O <p < 1.

A continuous real function u on B is pluriharmonic if for every holomorphic
mapping y of U into B, U isthe unit disc, uoy is harmonic in U . It is well
known that every pluriharmonic function on B is the real part of a holomorphic
function. Let % be pluriharmonic on B, then u = Re f, where f=u+ iv is
holomorphic in B and v is called the plurtharmonic conjugate of u.

Stoll proved the following two theorems in [8]:

Theorem B. Let f = u+ iv be holomorphic in B, if
My(r,0)=0((1-n""), 1<p<oo, a>0,
then

M (r,v)=0((1-r"").
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Theorem C. Let f = u+ iv be holomorphic in B with f(0) real. Then for
—1<b<oo, 1<p<o0, 0<a< o,

/01(1 —n’Mr, v)drgK/Ol(l — ' Mi(r, wydr.

We have generalized the Theorems B and C to bounded symmetric domain
of C" in [7], but the problem which is still unsolved is the case 0 < p < 1.

In §5, applying the approach used in the proof of Theorem 1, we first prove
the following inequality:

Theorem 7. Let f = u+ iv be holomorphicin B and 0 <p <1, s >0, then

(1= Jwl)’
|1 _ (Z, w)|n+s+1

When n = 1, this theorem has been proved in [5], we generalize it to the
unit ball of C".

Using Theorem 7, we will prove that Theorems B and C hold in the case
O<p<l1.

In [2] Chen introduced the spaces 4 A (a, p, q) on the bounded symmetric
domain D of C" as follows: hA(a,p,q), 0<p<oo, 0<g<oo, a>0,
is the set of pluriharmonic functions on D with N, q‘a(u) < 00, where

If(2)” <K {;v(O)[" + /B |u(w)” dV(w)} , Z€B.

1/q

1
N, ;o) = {/ (1—r)"""“M§(r,u)dr} , 0<g<oo,
o 0

N, o o) = sup {(1-1)""M,(r, u)},
0<r<«l1

and he proved that 4 A (a, p, q) is self-conjugate class for 1 < p < o0, 0<
g <oo and a > 0, thatis, if u € h A (a, p, q), then the pluriharmonic
conjugate v € h A (a, p, q). The problem which is also unsolved is the case
0 < p < 1. As a simple application of the generalized Theorem C, we will claim
that AA(a, p, q) is self-conjugate class for 0 < p < oo, 0<g< oo and a >0
if D=B.

2. THE PROOF OF THEOREM 1

We first prove the following lemmas.

Lemma 1. Let f € H(B) and 0 < p < oo, then

p K p
(1) @ 1@ < Gy [ 1 dva
forany a€ B.
@ ®) 1SGOF <K [ 1P (1= 128 dv(z)

forany { € OB and s > 0.
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Proof. (a) Since f € H(B), |f| is subharmonic for 0 < p < oo, and

3) FO)F < /B (W) dv(w).

Let ¢, be a holomorphic automorphism of B with ¢ (0) = a [6, p. 25].
Replacing f by fog, in (3) gives

)l < /B o0, () dv(w).

Let z = ¢ (w), then w = ¢,(z), dv(w) = ((1 - |a’)|1 - (a, 2)|7>)"" dv(z)
[6, p. 28] and

n+1
i ) K ,
@f < [ 1) {“_ )lz} () S e [V ().

(1) follows.
(b) Let f(z) = f(rz) for 0 <r <1, then

p K p
@) )l s G [ 12 )
by (1). Taking r = % a=J5(, {€0B in (4) gives

VG

where EB={Z€C"I|Z|<%}. ‘
On the other hand, by the formula in [6, 1.4.3],

1
_ -2 2n—1 Py 2.5
/|f (1= 12y dv) =20 [ 2 [ (ra0P -2y do)
> K /%B F(2)F dv(z).

Now (2) follows from (5) and (6).
Lemma 2. Let fe HB) and 0<p<oo, s>0, n+s+12>p, then

(5) GO

dv(z <K/ 2)[P dv(z

(1—Jwl)’
) N <K [ 17— = S dvtw)
for z € B, where (Vf)(z)= gzi Yo 3‘321) is an analytic gradient.
Proof. By the Taylor expansion of f, we have
D
®) T do0) = BH 0
where w,_ = faglCalsz % [6, p. 16]. Taking a=(0,...,1,...,

0), the kth coordinate is 1, and the rest are 0, r = § in (8) and using Lemma

1(b) yield
3f

<Ksup|f% )P <K/|f 1—|z|2)sdu(z), k=1,...,n.

k
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By the elementary inequality

a+b, 0<p<l1,
(a+b) < {2b N 4B, p> 1 a>0,b>0,
we have
9) ((VNO)F <K /B AP (1= |27 dv(z).

Let F = fog,,then (VF)(0) = (Vf)(z)w’z(O) , where (o'z is the derivative
of ¢,, namely, the Jacobian matrix of ¢, . A direct computation gives [6, p.
48]

/

9.(0) = l%z’f— oI, o =1-|z|°,

where z' is a column vector, the transpose of z, I the identity matrix of order

n, and
/ li

9.(0)(9,(0)" =8I - 2'2),
where ((0'2(0))* is the conjugate transpose of the matrix (p'z(O) . Thus
(VE)O) = 6*(VN(2) - Z2)(VN)(2)’
= 8I(VNEI = (VN2 1} 2 (VNI -2
that is
(10) (VF)(©0)] > (1~ |z)(VA)(2)].
Replace f by F in (9), and change the variable w by 7 = ¢_(w), and note
the identity
(1= |21 = o)
1= (z, )

1—p, (1)) = [6, p. 26],

we have
(VE)O)F < K /B (f o 0 )@)P(1 - [w]?) dv(w)
~ p(— =Py [ -z "
- [ 1) e {|1_<“)Iz} dv (1)

2\n+s+1
—K/|f 1—|r|)< L

( )IZ(H+S+1)

Now the inequality (10) 1mp11es

p (1= [T)°(1 = |2+t ?
|1 _< , T)[Z(H+S+l)

(V1)) <K / £(2) dv(7)

p_ (=]t
<K [0 e ().

The lemma 1is proved.
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Lemma 3. Let fe HB) and 0<q<p<o, s>0,n+s+12>gq, then

q of : (I—P)s
(11) M, (",a—zk)SK/O WM;,I(P,f)dp,
for O<r<land k=1,...,n
Proof. By Lemma 2,
af (1 Jwl’
| <iwner < [ i S duvw)

forany 0 <r <1 and { € 9B. For given { € 0B, there exist 7,,..., 1, €
0B, such that
¢

n
v=|"7
Mn
is a unitary matrix. Let w = 7V, then
(C,'LU)=<C, TV>=C(C*, 77;,---,";)T*=(1,0,...,0)T*=?1.
Thus

(12) rC

-y
<k [ 1 dvto).

Let 8 =p/q > 1, using (12) and Minkowski’s inequality in infinite form imply

(13)
1/B
ar\ _
- )
N
{ /| { [ st e -|"+“"+‘ (r)} da(a}

SK/B%{/ V)P da( )}q/pdu(t)

of

8zk

F-(r )

/8

da(n)
<K/ N phd /
p p p OB |1 —rpﬁlln+s+q+l

A |f<an>|"da<¢>}q/p |

By the formula of [6, 1.4.7], for any n € 0B,
(14)

/ |f(pnV)I° da({) < / |f(pnU)I° dU = / £ (PO da($) = M, (p, f),
OB 4 oB
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where 7 is the unitary group of order n and dU the Haar measure on % .
Combining (13) and (14) yield

of da(n)
M"( —) <K / - p)' M
r -y ( (p, Ndp 0B |1 — rlﬁl_l!HHqH

<K/ s+q+1 :(p,f)dp.

This proves the assertion made about Mg (r, B%Lk) .

Lemma 4. Let A be a complex number with |A| <1 and b> -1, a>b+1,
then
[ a=p o K
o IL=2p|* " = j1— @t
The proof is a straightforward adaptation of ones given in [5, Lemma 2] and

so is omitted.
We are now ready to give the

Proof of Theorem 1. Suppose |a| = 1, we first prove the following

1 1
(15) /(l—r)a+bM: (r,ﬂ—) drgK/ (1-r°M(r, fdr.
0 3zk 0 p
If a <p,taking s > b in (11), then (15) immediately follows from Lemmas
3 and 4:
1
a+b 8f
/0(1-—r) M (r 62)
1 a+b
SK/O(l— Pfd/)/—m;:ld’

! a
SK/0 (1-p)" M,(p, fdp.

If a>p,taking ¢ = p in (11) gives

alp
“(r, 2L '_(=p) e
T

Using Holder’s inequality with exponents a/p and a/(a — p), we have

a of : (1—/’)5 a
(e 8) ey i

| s (a-p)/p
(1-p)
—
8 {/0 (1 — rp)s*o! p}

~a ' (1=p)
<K(1-r) /()H—(:r—p)%l—Mp(p’f)dp
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Taking s > b and using Lemma 4 again yield

/01(1 —r)a+bM; (r, g{;) d

1 _ \btp

<K / 1-p p fdp
This completes the proof of (15).

For |a| =2, using (15) twice gives
1 2 1
2a+b , ca o f a+b  a af
1— M — <K 1 -
/0 (1-r) p (r, szazk) dr < | (I-r)7"M, <r, sz)

0

The general case can be proved by induction. Theorem 1 is proved.
3. THE PROOF OF THEOREM 2

The following lemmas will be needed in the proof of Theorem 2.

Lemma 5[4, p. 758]. Let 1 < k < oo, £ >0, 6 >0,h:(0,1) — [0, )
measurable, then

/(]l(l—r)""“{/or(r—z)" ht )dt} dr<K/ ROk oy g

Lemma 6 [1]. Let f € H(B) and if sup,_,_, [,5|/(r{)F da() = C?, p >0,
then

| sup 17D do() < 4,”.

B 0<r<1
Lemma 7. Let f€ H(B) and 0 <r< 1.
(@) If p>1, then

(16) M. <k {1+ [y v s}

(b) If 0<p< 1, then
- r p=1 . .p 1/p
(1w, KO+ ([r- o s 1w ds)

Proof. (a) Let f € H(B) have the homogeneous expansion

f(z) =) F(2)
k=0
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We define the radial derivative Rf of f as follows:
o0 n 6f
(RA(z2) =D kF(2) =) z,22(2).
k=0 k=1

It is easy to see that (Rf)(Az) = Af;(l) for z € B and A € U, where U
denotes the unit disc and f,(4) = f(Az). Thus

1
(18) f(z) = £(0) + /0 T (RA)(t2) di
and
1 p
(19) F2)P <K{|f V4 +(/0 |<Vf><zz>|dt> }
since
(20) R tz|<21zk| 52| <92,

Applying Minkowski’s inequality gives
1
M(r, f) <K {lf(O)I v [ M IVfl)dt}

=K{|f(0)| +r—'/0rMp(s, |Vf|)ds} :

This is the desired inequality (16).
(b)If 0<p<1,by(18) and (20),

1
(@) < 1O+ /0 (V1)(tz)dt.

Denote t, = 1 — 27" and H,(z) = sup{|(V./)(12)|: ¢,_, <t <1}, then

[ 10z = Z/ V1) tz|dt<ZH

Ly

Hence

By the monotonicity of the integral means M(r, gzik) , there exists a constant

K, depending only on p, such that

(21) sup{M, (rt, |Vf]) : t, ., <t <t} KM (rt,, |V f]).
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Now Lemma 6 and (21) give
M2 1) < ISP + 322 sup(M2(rt, V1) <1y, <1< 1,)
k=1
<O +K 3277 M (11, 19.1)
(22) et
<SUAOF +KY [ (=07 M, 1V A e
=174

<IfOF +1</0'<1 — T MP (e, VSt

Setting rt = s in the right-hand integral of (22) gives (17). This completes the
proof.

Lemma 8. If h(r) is a positive continuous nondecreasing function of r, and
B>0,0<c<g<oo,thenfor 0<s<1,

1 l/a 1
{/ (1-r)”"“h"(rs)dr} sK{/ (l—r)ﬂc—lhc(rs)dr}
0 0

Using the same method as in the proof of Lemma 5 in [7] gives the lemma.

1/c

Proof of Theorem 2. We first assume that |m| = 1 and prove the following
inequality:
(23)

/Ol(l—r) M:(r, f)dr<K{|f |+Z/ M (r aazf;) }

The proof will be divided into four steps.
Casel. p>1 and a> 1. By (16),

(24) Aapr < k(i1 [ My 9 snaif

Set r = p"+l in the left-hand integral of (23), use the monotonicity of means,

the inequality (1 — p‘”l)b <K(1- p)b and (24) to obtain

/Ol(l—r) M dr<K/ 1-p pf)p dp

<K {If(O)l“ +/0 (1-p’ {[O M, lVfI)dt}a dp} )

Taking k =a, u=(1+b)/a, 6 =1, h(t)= M, (¢, |Vf]) in Lemma 5 gives

1 1
(25) /0 (1—r)bM:<r,f>drsx{|f(0>|"+ /0 (1—r>"*”M;<r,|Vf|)dr}.
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Note that

(26) M(r, [VA]) <KZM ( af)

sz
Thus (25) and (26) imply (23).

Case2. p>landa<1. Apply the Minkowski’s inequality to (19) and taking
c=a,q=f=1,and h(r)= r,|Vf]) in Lemma 8, we obtain

' 1
M,(r, f) <K {lf(O)l + /0 M, IVfI)dt}

1 l/a
K{If(O)l+</0 (l—t)”"M,‘,'(tr,lvfl)dt> }

the substitution s = tr gives
a5 N < k{0 + [ =97 s 9 ) ds
As in Case 1, we have
/1(1 ~n’MX(r, f)dr
0
1 p
<K {If(O)I“ +[a-p {/0 (p—)""' M, IVfl)ds} dp} .

Now taking k=1, u=1+b, d =a and A(s) = M;(s, IVf]) in Lemma 5
gives (25) and (23) follows from (25) and (26).

Case3. 0<p<1 and p<a. By (17), we have

1 a/p
PMIr, f) <K {If(O)I“ . ( [0 (r—s)"' M) (s, IVfI)dS) } .

a+1

Let r=p" ", and

1 b..a ! b, sa a
/0(1_r) Mp(r,f)drsK/ (L=p)" M,(p, flp dp

K{If( e [t (oo s wnas)” dp} .

Now taking k = a/p, u = (1+b)p/a, 6 = p and h(s) = M) (s, |Vf]) in
Lemma § gives (25) and (23) follows from (25) and (26).
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Case 4. 0 < p <1 and p > a. By the inequality (22) and taking A(r) =
M (r, |V f]) in Lemma 8, we get

1 /p
M,,(r,f)sK{lf(O)H(/ (1—:)”“M,‘,’<rt,|Vf|>dt) }
0

| 1/a
sK{If(0)|+(/O (1—t)"“M;‘<rz,|andt) }

This is just the inequality (27) and the rest of the proof follows as in the Case
2. The proof of (23) is completed.
For |m| =2, we apply (23) to 2L to obtain

9z,

(28) /01(1 -n'M; <r, g—zf:() dr

Substituting (28) into (23) gives

b

/l(l—r) M (r, f)dr
0

a a “ : _ 2a+b 4 ca 62f
SK{%S:IKD O+ Y /0 (1= ry oy <r, 6zj82k) dr}

k,j=1

1
< K{ Y IDNO) + > / (1-n***Mi(r, D°f) dr} :
laf<1 lof=2"0

As in Theorem 1, the general case can be proved by induction. The proof of
Theorem 2 is completed.

4. AN APPLICATION OF THEOREMS 1 AND 2

In [9], the main tools for proving Theorem A are

(1) The boundedness of a family of projections from L?(dv) onto L”(dv)n
H(B) forall pe[l, o).

(2) The solutions of the generalized Gleason problem for the Bergman spaces.

Because the boundedness of the projections can be used only in the case
p > 1, the method used in [9] cannot deal with the case 0 < p < 1. Using
Theorems 1 and 2, we can prove that Theorem A holds for all p € (0, ).

Let f€ HB) and 0 < p < co. As in [9], we define

1= 2. WD NO+ DT AL,

lal<m-—1 lal=m

where (T, f)(z) = (1 - |z[)""(D*f)(z).
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Theorem 3. Let m be a positive integer and f € H(B), then f e L*(dv),0<
p < oo, if and only if all the functions (1 — |z|2)m(D”f)(z) with |a| = m are in
L?(dv). Moreover, || ||, and || ||,, , are equivalent norms on L”(dv)n H(B).

Before proving the theorem, we first prove a simple lemma.

m,p

Lemma 9. Let f€ H(B) and 0 <p < oo, then for any a = (a, ..., ,),
(@) If T,f € L”(dv), then [} M!(r, T, f)dr <K|T,f|P.
) If [y MU(r, T, f)dr <co, then T,f € L"(dv) and
1
IT A <K [ M, T, p)dr
0

Proof. Since

1
/B (T (2) dv(z) = 2n /0 A dr /a T8 do(d)
(29)

1
< Zn/ M)(r, T,f)dr,
0

(b) follows. On the other hand, by the monotonicity of the integral mean of
holomorphic function, we have

/ M, T = | (=AM D"y dr
_2n/‘( _p4n)|a.pMp( 2 pe gy
< 2nK / ~ )M (p, D 1) d
=K [ (T NP dv(z) = KIT, A1,

which proves the assertion (a).

Proof of Theorem 3. We first assume that f € L”(dv). Take a=p,b =0 in
Theorem 1 and use Lemma 9, we obtain

A< K [ M0 T0dr =k [ 0= 6,

1
<k [ M, pdr <KIFIL.
0
This proves that 7_f € L°(B, dv) forany a = (e, ..., a,) and

(30) 1T, <K, -

On the other hand, replace f by D”f and set s = |alp, z = 0 in (7), then
using the inequality (30), we get

(VDO < K /B (D" )P (1 = ) dv(w) = KT, 71 < K12
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This shows that for any a = (o, ..., a,),

(31) (D N)(0) < KIIf1l, -
Combining (30) and (31) gives || f],, , < K| f]l,-

Next, suppose that T, f € L”(B, dv) for all  with |a| =m. Take a=p,
b =0 in Theorem 2 and use Lemma 9, we have

1
1<K [ Mir, fyar

SK{Z |(D* £)(0 |+Z/ ”’"M”(rpf)}

la|<m—1 |a|=m
SK{ZI(Df |+Z/M”rTf> }
la|<m—1 |a|=m

SK{ Y. 1@NONF+ Y IITafllﬁ} :

la|<m—1 la]=m

This implies that

(32) A1, < K{ Yo @ NHO)I+ Y IITafII,,} =K/, -

la|<m—1 |laj=m

Theorem 3 is proved.

If we define

dv(z)=(1- |z dv(z), b>-1; |IfIf,= /B 1£(2) dvy(2)
and
(33) M= 2 IDNON+ DN, 5>

la]<m-—1 la|=m

then it is not hard to see from the above proof that Theorem 3 can be generalized
as follows:
Theorem 4. Let f € H(B) and 0 < p < oo, m > 1 be an integer, then
f € LP(B, dv,) if and only if the functions (1 — 1) (D*f)(z) with |a| =
are in L*(B, dv,). Moreover || I,.» and || lm.p » are equivalent norms on
L*(B, dvy).

In [7], we proved the following
Theorem D. Let f€ HB), 0<p<oo, -1<b< o and 0 < a < oo, then
for any ,B >0,

fo NP, fPYdr <K [y (1 -n°MI(r, f)dr.
b) N l—r) M(r ,f)drgKfo r)“ﬂ”’Mp(r, f¥ar.

Here f (4] denotes the Bth fractional derivative of f (see [7, p. 162]). Using
the same method as in the proof of Theorems 3 and 4, we have
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Theorem 5. Let f € HB), 0 < p < oo, B >0, b > —1 and denote
(HyN(z) = (1= |21 fP(z).
(a) If f € L)(B, dv,), then for any >0, Hyf e L*(B, dv,) and
IHg AN, 5 < KIS, -
(b) If for some >0, Hyf € L*(B, dv,), then f € L’(B,dv,) and

AN, < KIHSN, -
Combining Theorems 4 and 5, we get

Theorem6. Let f € H(B), 0<p<oo, f>0,b>~-1anda=(a,...,q,).
(a) If for some B >0, Hyf € L°(B, dv,), then T,f € L°(B, dv,) for any
a, and
1T, AN, < KIHRS, 5 laf=m.

(b) If for all a with |a|=m, T, f € L”(B, dv,), then Hyf € L (B, dv,)
forany B >0, and
IH, 11|, , < KIT, A, ,-

5. PLURIHARMONIC CONJUGATES

In this section, we will apply the approach used in the preceding sections to
discuss the problem on pluriharmonic conjugates. The main theorem in this
section is Theorem 7. The following lemma will be needed in the proof of
Theorem 7.

Lemma 10. Let u be pluriharmonic in B and 0 < p < 1, then

(a) ju(@) < K(1—af)™"" /B u(z)f dv(z), aeB.
®) WO <K [ W@l (1- |2 dv(z), 520, [eoB.
Proof. Using the same method as in [5, p. 64] gives

(34) () < /B u(z) dv(z).

Thus, (a) and (b) follow from (34) by the similar approach used in the proof
of Lemma 1.

Proof of Theorem 7. Since

fz)=u(z)+iv(z) =) (ﬁwza.
a>0 :
It is not hard to see that
2 [ w0 doig) = DO, e

e d

OB a'
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and
af
(35) 57 0] < (2n)’ sup lu(30)] < K/ u(2)l"(1 - |2)*) dv(z)
k {€o
for k=1, ..., n, by Lemma 10 (b). Now apply the same approach as in the

proof of Lemma 2 to (35), we obtain
(1 Jwl)’
|1 _ (Z, w>|n+s+p+1

By the inequality [5, Lemma 1]: |1 — t/1|_l <21 —A|_' , 0<t<l1, |Al <1,
(36) can be written as

(36) (VA2 < K/BIu(w)p dv(w).

2\s
(V) (tz)f < K/B |u(w)|"|1 —(<lz_1luu>]||"+)s+1’+1 dv(w), O0<t<l.
Let g(z) =sup,_,, [(Vf)(rz)|, then

and 1 \/r 1r
/I(Vf)(tz)ldt= / (VArprdp< [ glpz)dp.
0 0 0

Letting r — 1 in the above inequality yields

1 1
(38) /0 (V) (t2)] dt < /0 g(pz)dp.

Since g(pz) is a positive nondecreasing function of p, taking h(p) = g(pz)
and f=¢g=1, c=p in Lemma 8§ implies

1 1 1/p
(39) /Og(pZ)dpsK{/O (1-p)" ”(pZ)dp} :

Combining (18), (20), (38), (39), (37) and Lemma 4, we have
(40)

1 _ 2.\s
S <17OF +K | <1—p>"“{ [ uwyp—1 'w>'|,,)+s+p+. du(w)} dp

1-p(z, w

p 11238 P : (I—P)p_ldﬂ
<IAOP +K [ (1=l utw) { ) T2 gz e [ /@)

(1 - |wl*)

<IfO +K /B ju(w)”

dv(w).

|l _ (Z, w)|n+5+l

Note that if we use ul/z(w) = u($w) in place of u in Lemma 10(a) and take
a = 0, we obtain

(0 <K/|u Aw)f’ dv(w) = 22"K/ w)| dv(w).
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On the other hand, for any s >0,

/B u(w) (1~ [w]’) dv(w) = 2n / Pl p {/ Iu(pC)lde(C)}dp
>K 0”2 p! { /a utpor” da@)} dp

>K [ |uw) dv(w).

BJ2
Hence
WO < K [ ju(w)(1 - jul’)* dv(w)
(41)
(1= Jw
< K/ ‘ |1 _ Z w)|n+s+1 dl/('l.U)
for any s >0 and z € B. Now (40) and (41) gives
p » 12 p (1- |w|2)s
I/ (2)]" < [u(0)" + |v(0)] +K/|u(1U)| |1—(z,w)|””+' v(w)
(1= Jw*
< |v(0)° +K/| |1— ) dv(w).

This completes the proof.

Applying the similar method as in the proof of Lemma 3, we can prove the
following result from Theorem 7.

Theorem 8. Let f = u+ iv be holomorphic in B with v(0)=0. If0<g<1,
p>q and s >0, then

1 s
q (1-p) q
M,(r, f) < K/o a—_""m—sHMP(P, u)ydp.
The details of the proof are omitted here.

Theorem 8 will lead to the generalization of Theorems B and C in the case
O<p<l1.

Theorem 9. Let f=u+ive H(B) and 0 <p < o0, if
M,(r,u)=0(1-r"", a>0,

then
M, (r,v)=0(1-r").

Proof. We only need prove the case 0 < p < 1. Without loss of generality, we
assume v(0) = 0. Taking p = ¢ in Theorem 8 and using Lemma 4 yield

» _ ta-p™ _ _ o Pe
Mp(r,f)_O(/0 (l—rp)”'dp)_o((l r) ).

The theorem 1is proved.
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Theorem 10. Let f € u+ iv € H(B) with v(0) =0 and 0 <p <0, a>0,
b>—1, then

/01(1 -’ M, v)drgK/Ol(l ~n’M(r, u)dr.

Proof. It is known that the theorem holds for p > 1. We assume that 0 < p <
1. The proof will be divided into three steps.

Case 1. a=p. Take s > b in Theorem 8 and use Lemma 4, we have

l_bp l_sp l(l—r)b
/0(1 r) Mp(",f)d"SK/o(l P)M,,(P,u){/o (—lTp)Sﬁdr dp

1
<K [ (1= p'M(p, wdp.
0
Case 2. a>p. Taking ¢ = p in Theorem 8 we obtain

1 S a/p
M,‘,’(nf)sx{/o (T(%Mﬁ(p,u)dp} .

Using Holder’s inequality with exponents a/p and a/(a — p) gives

1 S
MY, ) <K { /0 ﬁ)ﬁ’fwM;(p, u)dp}

1 s (a—p)/p
x {/0 (1 _ r(pl)s+l/:-)a£/(a—p) dp} ’

where ¢ is a small positive number. Taking s > b and using Lemma 4 twice
imply

1 b a 1 saga 1 (l_r)b—t:a/p
[a-n*uze nar<x [ a p)M,,(p,u>{/0 s | 4

1
b
<K [ (=M (0. w)dp.
Case 3. a < p. By Theorem 8,
P (-p) L a
M(r, SK/ =P v, wydp.

Thus the desired inequality follows from Lemma 4 with s > b. The theorem
is proved.

As an application of Theorem 10, we have

Theorem 11. Let f=u+iv e H(B) with v(0)=0. If ue hA(a,p, q), then
vehA(a,p,q) for 0<p<oo, 0<qg<oo and a> 0, moreover,

N, ;.o(V) <KN,

’q’a(u).
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